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Abstract
We present a microscopic analysis of electron spin dynamics in the presence of an external magnetic
field for non-centrosymmetric semiconductors in which the D’yakonov-Perel’ spin-orbit interaction is the
dominant spin relaxation mechanism. We implement a fully microscopic two-step calculation, in which the
relaxation of orbital motion due to electron-bath coupling is the first step and spin relaxation due to spin-
orbit coupling is the second step. On this basis, we derive a set of Bloch equations for spin with the relaxation
times T1 and T2 obtained microscopically. We show that in bulk semiconductors without magnetic field,
T1 = T2, whereas for a quantum well with a magnetic field applied along the growth direction T1 = T2/2
for any magnetic field strength.
Recent consideration of spin based quantum computation, optical switches, magnetic
memory cells, etc. [1] mandates an improved understanding of spin dynamics and, in partic-
ular, the spin relaxation rate [2]. The most promising materials for device purposes, III-V
and II-VI compounds, have been shown [3] to have spin relaxation rates dominated by the
D’yakonov-Perel’ (DP) mechanism at moderate temperatures and low hole concentrations,
and the spin relaxation time is given by the following semiphenomenological expression [4]:
1
τs
= q
α2
h¯2εg
τpT
3 (1)
where α describes conduction band spin splitting due to lack of inversion symmetry (for
example α = 0.07 for GaAs), εg is the band gap, τp is the average momentum relaxation
1
time, and T is the Kelvin temperature (kB = 1). The numerical coefficient q depends on
the orbital scattering mechanism.
We develop a fully microscopic theory of spin relaxation in semiconductors, based on
a two step analysis of the relaxation process, corresponding to the relaxation time hier-
archy involved in (a) electron thermalization due to dissipative bath action, and (b) spin
relaxation. In the first stage of solution, we can determine the relaxation rates and fluctua-
tion characteristics of electron orbital motion due to coupling to the bath. Spin relaxation
dynamics can be neglected in this stage.
Our analysis of the second stage proceeds with the spin relaxation process due to spin-
orbit interaction, wherein the orbital degrees of freedom are considered as an effective heat
bath, having its characteristics determined in the first stage. A set of Bloch equations
having two microscopically determined relaxation times (a longitudinal relaxation time,
T1, responsible for spin magnetic moment relaxation, and a transverse relaxation time,
T2, responsible for decoherence) is derived in this second stage. The method of Ref.[5] is
employed in both stages of our analysis .
The orbital electron dynamics are determined from operator equations having the form
(
d
dt
+ γ0
)
Vx(t) + (ωc + δ)Vy(t) = ξx(t), (2)(
d
dt
+ γ0
)
Vy(t)− (ωc − δ) Vx(t) = ξy(t),
and
(
d
dt
+ γz
)
Vz(t) = ξz(t),
where Vx(t), Vy(t), Vz(t) are electron velocity operator components (Vx = (px −mωcy/2) /m;
Vy = (py +mωcx/2) /m; Vz = pz/m; [Vx, Vy]− = −ih¯ωc/m), and ωc = |e|B/mc is the
cyclotron frequency. The electron-bath interaction determines the relaxation rates, γ0,γz,
the frequency shift, δ, and the fluctuation sources, ξx(t), ξy(t), ξz(t), involved in the Eq. (2).
The Fourier transforms of the velocity correlation functions are given by
2
〈
1
2
[Vx(ω);Vx]+
〉
=
〈
1
2
[Vy(ω);Vy]+
〉
=
K⊥(ω)
2
(
1
(ω − ωc)2 + γ20
+
1
(ω + ωc)
2 + γ20
)
, (3)
〈
1
2
[Vx(ω);Vy]+
〉
= −
〈
1
2
[Vy(ω);Vx]+
〉
=
K⊥(ω)
2i
(
1
(ω − ωc)2 + γ20
− 1
(ω + ωc)
2 + γ20
)
, (4)
and
〈
1
2
[Vz(ω);Vz]+
〉
=
Kz(ω)
ω2 + γ2z
, (5)
where
K⊥(ω) =
∫
d (t− t1) eiω(t−t1)
〈
1
2
[ξx(t), ξx(t1)]+
〉
=
∫
d (t− t1) eiω(t−t1)
〈
1
2
[ξy(t), ξy(t1)]+
〉
,
(6)
Kz(ω) =
∫
d (t− t1) eiω(t−t1)
〈
1
2
[ξz(t), ξz(t1)]+
〉
,
and [..., ...]+ denotes the anticommutator.
In the second stage we analyze spin relaxation due to the DP interaction between spin
and electron orbital motion. The corresponding interaction Hamiltonian is given by [4]
HDP = −σxQx(t)− σyQy(t)− σzQz(t), (7)
where
Qx(t) = −λVx(t)
(
V 2y (t)− V 2z (t)
)
, Qy(t) = −λVy(t)
(
V 2z (t)− V 2x (t)
)
, (8)
Qz(t) = −λVz(t)
(
V 2x (t)− V 2y (t)
)
,
and
λ =
αm3/2
2
√
2εg
. (9)
Employing a second application of the method of Ref. [5] we consider the orbital dynamics
in the role of an effective heat bath and obtain a set of Bloch equations for the average spin
projections as
3
ddt
〈σx(t)〉 = −〈σx(t)〉
T2
− (ωB + δx) 〈σy(t)〉 , (10)
d
dt
〈σy(t)〉 = (ωB + δy) 〈σx(t)〉 − 〈σy(t)〉
T2
,
d
dt
〈σz(t)〉 = σ
0
z − 〈σz(t)〉
T1
,
where σx, σy, σz are the Pauli matrices and σ
0
z = − tanh (h¯ωB/2T ) is the equilibrium z-
component of spin, ωB = gµBB/h¯, µB = |e| h¯/2m0c is the Bohr magneton, and the g-factor
depends on material (it is −0.44 for GaAs). Our microscopic determination of the relaxation
times T1 and T2 yields
1
T1
=
4
h¯2
(Sxx(ωB) + iSxy(ωB)) , (11)
and
1
T2
=
2
h¯2
(Sxx(ωB) + iSxy(ωB) + Szz(0)) , (12)
where Sxx(ωB), Sxy(ωB), and Szz(0) are the Fourier transforms of the correlation functions
of the variables Qj(t), (j = x, y, z) of Eq. (8):
Sij(ω) =
∫
d (t− t1) eiω(t−t1)
〈
1
2
[Qi(t), Qj(t1)]+
〉
. (13)
Eq. (8) implies that the spectral functions Sij(ω) are averages of the sixth power of the
electron velocity component operators, and employing Wick’s theorem, we obtain
Sxx(ω) = Syy(ω) = λ
2
〈
1
2
[Vx(ω);Vx]+
〉 [(〈
V 2z
〉
−
〈
V 2x
〉)2
+ 4 〈VxVy〉 〈VxVy〉
]
+ (14)
+λ2
∫ dω1
2pi
∫ dω2
2pi
Ξ (ω1, ω2, ω − ω1 − ω2) ·
·
{
2
〈
1
2
[Vx(ω1);Vx]+
〉〈
1
2
[Vx(ω2);Vx]+
〉〈
1
2
[Vx(ω − ω1 − ω2);Vx]+
〉
+
2
〈
1
2
[Vx(ω1);Vx]+
〉〈
1
2
[Vz(ω2);Vz]+
〉〈
1
2
[Vz(ω − ω1 − ω2);Vz]+
〉
−
−4
〈
1
2
[Vx(ω1);Vx]+
〉〈
1
2
[Vx(ω2);Vy]+
〉〈
1
2
[Vx(ω − ω1 − ω2);Vy]+
〉}
,
Sxy(ω) = −Syx(ω) = λ2
〈
1
2
[Vy(ω);Vx]+
〉 [(〈
V 2z
〉
−
〈
V 2x
〉)2
+ 4 〈VxVy〉 〈VxVy〉
]
+ (15)
4
+λ2
∫
dω1
2pi
∫
dω2
2pi
Ξ (ω1, ω2, ω − ω1 − ω2) ·
·
{
2
〈
1
2
[Vy(ω1);Vx]+
〉〈
1
2
[Vy(ω2);Vx]+
〉〈
1
2
[Vy(ω − ω1 − ω2);Vx]+
〉
+
+2
〈
1
2
[Vy(ω1);Vx]+
〉〈
1
2
[Vz(ω2);Vz]+
〉〈
1
2
[Vz(ω − ω1 − ω2);Vz]+
〉
−
−4
〈
1
2
[Vy(ω1);Vx]+
〉〈
1
2
[Vx(ω2);Vx]+
〉〈
1
2
[Vx(ω − ω1 − ω2);Vx]+
〉}
,
and
Szz(ω) = λ
2
∫
dω1
2pi
∫
dω2
2pi
Ξ (ω1, ω2, ω − ω1 − ω2) ·
·4
〈
1
2
[Vz(ω1);Vz]+
〉{〈
1
2
[Vx(ω2);Vx]+
〉〈
1
2
[Vx(ω − ω1 − ω2);Vx]+
〉
−
−
〈
1
2
[Vx(ω2);Vy]+
〉〈
1
2
[Vx(ω − ω1 − ω2);Vy]+
〉}
,
where
Ξ (ω1, ω2, ω3) = 1 + tanh
(
h¯ω1
2T
)
tanh
(
h¯ω2
2T
)
+
+ tanh
(
h¯ω1
2T
)
tanh
(
h¯ω3
2T
)
+ tanh
(
h¯ω2
2T
)
tanh
(
h¯ω3
2T
)
(16)
and
〈
V 2j
〉
=
〈
1
2
[Vj(t);Vj(t)]+
〉
=
∫ dω
2pi
〈
1
2
[Vj(ω);Vj]+
〉
, 〈VxVy〉 =
〈
1
2
[Vx(t);Vy(t)]+
〉
=
∫ dω
2pi
〈
1
2
[Vx(ω);Vy]+
〉
Any model of a bath (phonons, random impurities, etc.) can be accommodated in this
general formulation. Even without specifying the nature of the bath, some peculiarities of
spin dynamics can be identified. In particular, in the absence of a magnetic field we obtain
T1 = T2(= τs of Eq.(1) with the replacement qτp → 1/γz), as the zero field limit. However,
in the presence of a magnetic field T1 6= T2. For the case of strong confinement along the
z-axis (quantum well with magnetic field in the growth direction) we have Szz(ω) = 0 and
T1 = T2/2 regardless of the magnetic field strength.
In summary, we have derived Bloch equations for electron spins in non-centrosymmetric
semiconductors on a fully microscopic basis in the presence of a magnetic field. Explicit ex-
pressions for the spin relaxation times have been derived and analyzed using the D’yakonov-
Perel’ spin-orbit interaction mechanism.
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